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Abstract. We embed multidimensional Farey fractions in large liorosplieres 
and explain under which conditions they become uniformly distributed in the 
ambient homogeneous space. This question has recently been investigated in 
the case of SL((i, Z) to prove the asymptotic distribution of Frobenius numbers. 
The present paper extends these studies to general lattices in SL(c(, R). 



1. Introduction 
Let G := SL{d,W) and F a lattice in G. The right action 

(1.1) r\G^r\G, 0/^0/$*, ^'^(^^^'l'^' ^(d^i)t) 

defines a flow on the homogeneous space T\G. The subgroups generated by 



(1.2) -.W-P,^ V 1 

parametrize the stable and unstable horospheres of the flow $* as t — > 00. The 
classical equidistribution of large horospheres can be stated as follows; see Section 
5 of [2] for a proof of this particular version. 

Theorem 1. Let T be a lattice in SL(o?, R), X be a Borel probability measure on 
K'^^"'^, absolutely continuous with respect to Lebesgue measure, and let f : M."^^^ x 
r\G — R 6e bounded continuous. Then 



(1.3) lim / f{x,n^{x)<^>*) dX{x) = f{x,M)dX{x)dnriM). 



Here /ip denotes the Haar measure on G — SL{d,K.), normalized so that it 
represents the unique right G-invariant probability measure on the homogeneous 
space r\G. In the special case F = SL{d, Z) we have by Siegel's volume formula 

dt _ 

(1.4) dA^SL(d,z)(M)- = (C(2)C(3) . --ad)) ' det(X)-'^ '^^'J' 

where X = {Xij) = t^/'^M e GL+(d,R) with M £G,t>0; cf. |5]. 

In [I4 I studied the case where the absolutely continuous measure A is replaced 
by equally weighted point masses at the elements of the Farey sequence 

(1.5) J-Q = |^e[0,i)'^-i:(p,^?)eZ^ 0<q<Q 
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where denotes the set of primitive lattice points 

(1.6) IJ" = {(mi, . . . , md) e Z"^ : gcd(mi, . . . , m^) - 1}. 

It will be notationally convenient to also allow noninteger Q G M>i. Note that 
Tq = J-[Q] where [Q] is the integer part of Q. 

The discussion in |1] is restricted to the case F = SL((i, Z), and the purpose of 
the present note is to describe the situation for a general lattice. 

Define the subgroups 



H = { M e G : (0, 1)M ^ (0, 1 

(1.7) 



Q '^j : AeSL(d-l,M), beM'^-i 
and 

(1.8) T„ = SL{d,Z)nH = : 7 e SL(rf- 1,Z), m e Z^^-ij. 

Note that H and Th are isomorphic to ASL(d— 1, M) and ASL((i— 1, Z), respectively. 
We normalize the Haar measure jiH of H so that it becomes a probability measure 
on Th\H; explicitly: 

(1.9) dfiH{M) = dfisLid^i,zM)db, 

Theorem 2. Let T be a lattice in SL(d,M), cr G M, / : [0,1]'^"^ x r\G ^ R be 
bounded continuous, and Q = e'''^^"'^'"'*^'^-' . 

(A) // r is not commensurable with SL(c?, Z) . then 

(1.10) lim ^ V /(r,n_(r)$*) = / f{x, M) dx d^iriM). 

t^oo \Tq\ 7[0,l]''-i) 

(B) // r is commensurable with SL(c?, Z), then 

(1.11) hm f{r,n^{r)<^*) 

= d{d-l)e'^'^'^-^^'' ( ( 7{x,M<i>~-')dxdnH{M)e"^'-'^-^'>'ds 

J a J lOS]'^-'^xr h\-H 

with A :=rnSL(d,Z) and 

(1.12) 7(->^)-- |SL(.,Z):A| /(-.7*M-). 
Note that in the above theorem we place 

(1.13) l^^l-^ (^--) 

points on a horosphere of volume ed.(d-i}t^ r^j^^ scaling Q = e^''"-'^'^*""') thus ensures 
that the average density of points on the horosphere remains constant as < — s- cxd. If 
instead we had taken a scaling such that Qe"^'*"^-'* -H- oo, the Farey points would 
equidistribute also in Case (B) on all of F\G with respect to dfi. 
An interesting application of Case (A) is the following. 
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Corollary. Let T = SL{d,Z), a e R, f : [0,1]'^-^ x r\G ^ R 6e bounded 
continuous, and Q — e^'^^^^^*^^'^\ If the matrix A £ GL{d — 1,M) has at least one 
irrational coefficient, then 

(1.14) lim V /(r,n_(rA)<i>*) = / f{x,M)dxd^ir{M). 



Note that 



(1.15) n_(rA)$'= (^'^ ^) n_(r)$* . 

The corollary therefore follows from Theorem [2] by choosing the test function 

(1.16) fAix,M):^f(^x,(^'^ 1 
which is left invariant under the action of the lattice 



(1-17) ^^^[ o ijSL(d,Z, ^ Q ^ 

Since A is irrational, Ta is not commensurable with SL((i, Z), and hence Case (A) 
applies. 

The proof of Theorem [21 Case (B) utilizes Theorem [U and thus follows (as we 
will see) the same argument as in [1 for F — SL{d, Z). Although the answer looks 
simpler in Case (A), the proof is more involved. The central step is the following 
equidistribution statement. 

Theorem 3. Let T,T' be two incommensurable lattices in G = SL(d, M), X be a 
Borel probability measure on W^~^ , absolutely continuous with respect to Lebesgue 
measure, and let f : R'^-i X r\G x r'\G ^ K 6e bounded continuous. Then 

(1.18) lim / /(a?,n_(cc)$*,n_(a?)$*) dA(a?) 

f{x, M, M') d\{x) d^iriM) d^iT'{M'). 



-ixr\Gxr'\G 

We will prove Theorem [3] in Section [21 and Theorem [2| in Section [3] 

It is well known that the Farey fractions correspond to the cusps of the space of 

lattices, SL((i, Z)\ SL((i, M). A further interesting generalization (which we will not 

discuss here) is therefore to replace the Farey sequence by 



(1.19) 



J-Q = 1^ eTe: (p,g) e (0,1)F', 0<g<Q|, 



where F is a lattice in SL((i, R) with the property that Th = iJ n F' is a lattice in 
H. The set 7^ c M''~i is the pre-image of a fundamental domain of Th in H under 
the map x n> n^{x). 

2. Proof of Theorem [3] 

Theorem [3| is a consequence of Shah's Theorem 1.4 in [4], which in turn follows 
from Ratner's theorem on the classification of measures that are invariant under 
unipotent flows [3]. 
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Theorem 4. Let G be a connected Lie group and let T be a lattice in G. Suppose 
G contains a Lie subgroup H isomorphic to SL((i, M) (we denote the corresponding 
embedding by ip : SL((i, M) G), such that the set T\rH is dense in T\G. Let A 
be a Borel probability measure on W^~^ which is absolutely continuous with respect 
to Lebesgue measure, and let f : T\G — > M fee bounded continuous. Then 

(2.1) lim / J{^{n^{x)^'))dX{x)^ [ J dfi, 

where fi is the unique G -right-invariant probability measure on T\G. 
To use this result for the proof of Theorem |3l we take 

(2.2) G^GxG, f = rxr', ^ = /irx^r', 

(2.3) H ^ {{M,M) : M eG} 

and tp the diagonal embedding. It follows from Ratner's theory [3] that the closure 
of r\ri7 equals r\ri4r for some closed connected subgroup K with H < K < G. 
li H = Li then F and F' are commensurable, which contradicts our assumption. 

Let us therefore suppose H ^ K. Then K contains a subgroup {1} x L = 
K n ({1} X G) where {1} < L < G. Since 

(2.4) {g,g){l,h){g,g)-' ^{l.ghg-^) 

for all g e G, L is in fact normal in G. Let Z denote the (finite) center of G. 
Since G/Z is simple, this implies LZ/Z ~ G/Z and thus LZ — G. Therefore 
{1} X G C ^ KZ, where Z = {1} x Z. Together with H C K this yields 
K = G X G = G. But since K, G are connected and Z is finite, we have in fact 
K = G. This completes the proof of Theorem [3] when the test function f{x, AI, M') 
is independent of x. The general case follows from the same argument as in the 
proof of Theorem 5.3 in [5]. 

3. Proof of Theorem [2] 

In the following set F' — SL(ci, Z). The proof is virtually identical to that of 
Theorem 6 in [1] , except for the application of Theorem [3] rather than Theorem 
[T] in the incommensurable case. It will in fact be easier to prove the following 
generalization of Theorem [5] Theorem [5] is then obtained from Theorem [5] below 
by choosing a test function of the form /(a;, M) = f{x, M, M'). 

Theorem 5. Let T be a lattice m SL(d, M), cr G M, / : [0, 1]'^-^ x F\G x F'\G R 
be bounded continuous, and Q = e^'^^^^^*^""^ . 
(A) LfT is not commensurable with V , then 

(3.1) ^Um /(r,n-(r-)$*,n_(r)$*) 

= d{d ~ l)e'^('^-^^'' / f{x,M,M'^-'')x 

Ja J[0,lY-'^y.T\GxVH\H 

X dx dtir{M) dfiniM') e-'^^'^-^'>'ds 

with 

(3.2) fix, M, M') := f{x, M, ^M'"'). 
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(B) IfT is commensurable with V , then 

(3.3) lim ^ /(r,n^(r)$*,n_(r)<D*) 

= d{d - l)e''('^~^)'" /" /" J{x, M^-", M^-") x 

X dxdfiH{M)e-'^^'^-^>ds 

with A := r n r' and 

(3.4) 7(a;,M,Af'):-^;7^ ^ /(a=, 7 'M'"^). 

' ■ ' 7er'/A 

Proof. Step 0: Uniform continuity. By choosing the test function 

(3.5) fix, M, M') =. foix, M*--^, M'$-") 

with /o : [0, l]'*^^ X T\G x r'\G — !> K bounded continuous, it is evident that we 
only need consider the case ct = 0. We may also assume without loss of generality 
that /, and thus also / and /, have compact support. That is, there is C C G 
compact such that supp/, supp/ C [0, l]''"^ x T\rC x r'\r'C. The generalization 
to bounded continuous functions follows from a standard approximation argument. 

Since / is continuous and has compact support, it is uniformly continuous. That 
is, given any S > there exists e > such that for all {x, Mi, M[), (x' , AI2, Mj) € 
[0,1]'*-! xGxG, 

(3.6) ||a;-a;'|| < e, d{Mi,M[)<e, d(M2,M^)<e 
implies 

(3.7) \f{x,Mi,M2)^f{x',M[,M^)\<5. 

Here d denotes a left-invariant Riemannian metric on G. In the following, we choose 
d in such a way that 

(3.8) d{n±{x),n±ix')) <\\x-x'\\, 

where || • || the standard euclidean norm. 

The plan is now to first establish p.3p for the set 

(3.9) J-Q^e = 1^ e [0,1)'^-^ : (p,g) eZ^ < g < q|, 

for any 9 G (0, 1). The constant 6 will remain fixed until the very last step of this 
proof. 

Step 1: Thicken the Farey sequence. The plan is to reduce the statement 
to Theorem [1] (in the commensurable case) or Theorem [3] (in the incommensurable 
case). To this end, we thicken the set J^g.e as follows: For e > (we will in fact 
later use the e from Step 0), let 

(3.10) 1-^= y {a; gR''"^ : ||a;-r|| < ee-''*}. 

Note that is symmetric with respect to a: M' —x. A short calculation yields 

(3.11) J-^ = (J {a; e M'^-i : an+(a;)$"* e 
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where 

(3.12) e:, = {(j/i, . . . , yrf) e M'^ : ||(yi, . . . , yd-i)\\ < eya, 9<yd<l}. 
Let 

(3.13) = U '^'^H, ■He(a) = {Af e G : aM G 
The bijection (cf. [5]) 

(3.14) ThXT'^Z", Tnl^iOAh 
ahows us to rewrite 

(3.15) He= U ?^,((0,1)7)= U 7^1, withal ((0,1)). 

7er„\r' 7er'/r„ 

Now 

Hi={A/eG:(0,l)Me£,} 

(3.16) , 

with as in ()1.7p . and Afy G G such that (0, l)Mj^ = y. Since y G £e imphes 
i/d > 0, we may choose 

(3.17) My=(yd , l-^-i ^ , y' = (yi,...,y,_i). 

V y vdj 

Step 2: Prove disjointness. We wih now prove the fohowing claim: Given a 
compact subset C d G, there exists eq > such that 

(3.18) -fUlnulnT'c = 9 

for every e G (0, eo], J eT' - Th- 

To prove this claim, note that p.lSp is equivalent to 

(3.19) ne{{p,q))nnlr]T'c = 9 



for every (p, q) G Z'*, (p, q) ^ (0, 1). For 



(3.20) = ( 1 ) 



y yd 



we have 

(3.21) (p,(j)M= (pAy;i/('*-i) + (p'b + g)y',(p'b + g)yd), 
and thus A/ G Htiip, q)) CiHl if and only if 

(3.22) \\pAy^'/^'-'^ + {p% + q)y'\\ < e{p% + q)yd, 

(3.23) < (p'b + q)yd < I, 
and 

(3.24) ||y'||<eyd, ^^<J/d<l. 

Relations (|3:23| and ([3:241) imply ||(p*6 + q)y'|| < e{p*-b + q)yd < e and so, by ([3221), 
llpAy^^^^'^^^'ll < 2e{p^b + q)yd < 2e. That is, < 26?/^^'*"^^ and hence 

(3.25) \\pA\\ < 2e. 
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Let US now suppose M S F'C with C compact. The set 

(3.26) C =C{My' -.y el,} 

is still compact, by the compactness of (the closure of £e) in M"* \ {0}. In view 
of (|3.20p we obtain 

(3.27) 'f) £ r'C, 

and so A G SL((i — 1, Z)Co for some compact Cq C SL((i — 1, M). 
Mahler's compactness criterion then shows that 

(3.28) / := inf inf \\pA\\ > 0. 

AGSL(d-l,Z)Co pGZ''-i\{0} 

Now choose eq such that < 2eo < /. Then (|3.25l) implies p = and therefore 
5 = 1. The claim is proved. 

Step 3: Apply equidistribution of large horospheres. Step 2 implies that, 
for C C G compact, there exists eo > such that for every e e (0, eo] 

(3.29) -H, nr'c= U (7-H,^nr'c) 

is a disjoint union. Hence, if Xe and Xe a-i'e the characteristic functions of the sets 
Tie and 'H^, respectively, we have 

(3.30) XeiM)= xlilM), 

7erH\r' 

for all M 6 rC. Evidently and thus Tie have boundary of /x-measure zero. We 
furthermore set Xe{M) :— Xe(*M~^), and note that 

(3.31) Xe(n+(a;)<i>-*) =x.K(-a;)<i>-*) 

is the characteristic function of the set ; recall (|3.11l) and the remark after (|3.10l) . 
Therefore 

/ /(cc,n_(a;)$*,n_(a;)$*)da; 

(3.32) = / f{x,n-{x)<^\n-{x)<^>*)xe{n+{-x)'^>-')dx 

J[0,1]''-'^ 

= / f(x,n^{x)^*,n^{x)^*)xe{n-{x)^*)dx. 
Case (A): If r,r' are not commensurable, Theorem [3] yields 

(3.33) lim / /(a;,n_(a;)<I>*,n_(a;)$*)xe(n-(a;)$*) da; 

f{x, M, M')xe{M') dx d^ir{M) dfir'iM'). 

[o,i]<'-ixr\Gxr'\G 
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Case (B): If r,r' are commensurable, then A = F n F' is a lattice in G and 
Theorem [1] yields 

lim / /(a;, n_(a;)$*, n_(a;)$*)x(:(n_(a;)$*) da; 

= / f[x,M,M)x,{M)dxdti^{M) 
(3.34) ^[o,il-^xA\G 

f{x, 'M-\ 'M-^)xe{M)dxd^IA{M) 

[0,l]'i-^xA\G 



f{x,M,M)xeiM) dxdfir'iM), 

[o,i]''-ixr'\G 

since d^r'(M) = |F' : A| d^A{M). 

Step 4: A volume computation. To evaluate the right hand sides of p.33p 
and p. 341) . we set (in order to treat both cases simultaneously) 



(3.35) g{M)= f{x,M,M)dxdnr{M) 

J[o.i]'i-^xr\G 

for Case (A), and 

(3.36) g{M) = I J{x, M, M) dx 

"'[0,l]<i-i 

for Case (B). We thus need to evaluate 

g{M)xe{M)dfi{M)= f g{M)x\{M)dii(M) 
(3 37) "^"^^ J'Ch\g 

= f g{M)dti{M), 

using p.30p . Given y G M'' we pick a matrix My e G such that (0, l)My ~ y; 
recall p. 171) for an explicit choice of My for yd > 0- The map 

(3.38) H xR'^\{0}^ G, {M, y) H> MMy, 
provides a parametrization of G, where in view of (II. 4p 

(3.39) dfi^ Cidr^dfiHdy. 
Hence p.37p equals, in view of p.l6p . 

(3.40) -i- / g{MMy)d^iH{M)dy. 
For 

(3.41) Divd) = ^ 1^-1 ^ , 

we have, in view of p.Sp . 
(3.42) 

d{My,Diyd)) ^d{Diyd)n+{y^'y'),Diyd)) =d{n+iy^'y'),U) <ya'\\y'l 
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We recall that ^\\y'\\ < e for y e €e. Therefore, with the choice of 6, e made in 
Steps and 2, we have 

(3.43) (Eini)-7^/ g{MD{yd))dfiH{M)dy <-f- f dy. 

Now, 
(3.44) 

/ g{MD{y,))dy^vo\{B'[-')e''-' [ g{MD{y,)) y^.-^y^ 

/.\\oge\/{d-i) 

= {d-l) vo\{Bt^) e'^"^ / g(M$-'^) e^'^'-'^-^^'ds, 

Jo 

and 

(3.45) j^'^y^'d ^'"'(1 - ^')' 

where B'l^^ denotes the unit ball in R''^^. So p.43p becomes 
(3.46) 

C("j Jo JrH\H 

step 5: Distance estimates. Since (I3.29P is a disjoint miion, we have further- 
more (this is in effect another way of writing p.32p using p.30p ') 

(3.47) / f{x,n-{x)^\n-{x)^*)dx 

= ^2 f(x,n^{x)^*,n^{x)^*)dx. 

reJ^Q "'{==6[0,l]''"':|l^-'-||<ec-''*} 

Note that n_(a;)$* = $*n_ (e'^'a;). By (|3?8l) . for any g G G, 

(3.48) d(.gn_(a;)$*,.g$*) = d{g^*n^{e'^*x), g^*) = d{n_{e'^*x),U) < e'^*\\x\\. 
Eq. implies that 

(3.49) d(n_(a;)$*,n_(r)$*) < e'^'lja; - r|| < e. 

Because / is uniformly continuous we therefore have, for the same S, e as above: 
(3.50) 

/ f{x,n_ix)^\n_{x)'S>')dx \l> /(r, n. (r)$S n.(r)$«) 

^ gd(tJ-l)t ' 

uniformly for all t > 0. 
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Step 6: Conclusion. The approximations p.46|) and p.50|) hold uniformly for 
any 5 > 0. Passing to the limit (5 — > 0, we obtain 

(3-51) E /(r,n-(r)<i>*,n_(r)$*) 

reJ^Q.o 



f\iog0\/{d-l) 



Cid) Jo 

The asymptotics ([TTTO)) shows that (recall that Q'^ = e''^'*"^)* 
(3.52) hmsup^^^^rriii- < 



which allows us to take the limit ^ in p. 511) . This concludes the proof for 
cr = and / compactly supported, in both Case (A) and (B). For the extension to 
general a and /, recall the remarks in Step 0. □ 
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